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TANGENTIAL DIMENSIONS II. MEASURES
DANIELE GUIDO, TOMMASO ISOLA
Abstract. Notions of (pointwise) tangential dimension are considered, for
measures of RN . Under regularity conditions (volume doubling), the upper
resp. lower dimension at a point x of a measure µ can be defined as the supre-
mum, resp. infimum, of local dimensions of the measures tangent to µ at x.
Our main purpose is that of introducing a tool which is very sensitive to the
”multifractal behaviour at a point” of a measure, namely which is able to de-
tect the ”oscillations” of the dimension at a given point, even when the local
dimension exists, namely local upper and lower dimensions coincide. These
definitions are tested on a class of fractals, which we call translation fractals,
where they can be explicitly calculated for the canonical limit measure. In
these cases the tangential dimensions of the limit measure coincide with the
metric tangential dimensions of the fractal defined in [7], and they are con-
stant, i.e. do not depend on the point. However, upper and lower dimensions
may differ. Moreover, on these fractals, these quantities coincide with their
noncommutative analogues, defined in previous papers [5, 6], in the framework
of Alain Connes’ noncommutative geometry.
1. Introduction.
In this paper we continue the analysis concerning notions of tangential dimesions.
Our aim is that of finding dimensions describing the non-regularity, or fractality,
of a given measure. The kind of non-regularity we study here is related to the fact
that a dimension may have an oscillating behavior at a point. Indeed dimensions
are often defined as limits, and an oscillating behavior means that the upper and
lower versions of the considered dimension are different. Our main goal here is to
associate to a measure a local dimension that is able to maximally detect such an
oscillating behavior, namely for which the upper and lower determinations form a
maximal dimensional interval.
Let us recall that we introduced first tangential dimensions in the framework
of Alain Connes’ noncommutative geometry [1], as extremal points of the singular
traceability interval [5]. Their explicit formulas suggested the definition of tangen-
tial dimensions at a point for a metric space, given in [7], where we showed that,
under regularity conditions (cf. Theorem 2.13 (i) and (ii)), upper, resp. lower, tan-
gential dimension of a metric space at a given point can be equivalentrly defined as
the supremum, resp. infimum, of local dimensions of the tangent sets a la Gromov
at the point.
Here we define tangential dimensions at a point for measures and show that,
under the volume doubling condition, upper, resp. lower, tangential dimension of
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a measure at a given point can be equivalently defined as the supremum, resp.
infimum, of local dimensions of the tangent measures at the point.
Finally we compute the tangential dimensions for some classees of fractals.
Indeed we give a condition (Condition 2.16) on a measure µ on a metric space X
under which the tangential dimensions for µ coincide with the tangential dimensions
of X and are locally constant. Furthermore, under the same condition, tangential
dimensions for metric spaces and measures are extrema of local dimensions of the
corresponding tangent objects.
First we consider the class of self-similar fractas with open set condition, showing
that in this case tangential dimensions do not give new information, indeed they
coincide with the Hausdorff dimension.
Then we consider the class of translation fractals, show that the mentioned con-
dition is satisfied by translation fractals with open set condition for the canonical
limit measure and compute the tangential dimensions for such measure. Besides
their coincidence with metric tangential dimensions, which follows by the results
described above, direct inspection shows that they also coincide with the noncom-
mutative tangential dimensions for the spectral triples associated to translation
fractals computed in [5] and [6].
2. Tangential dimensions of measures
In this section we shall define upper and lower tangential dimensions of a mea-
sure on a metric space X and study some of their properties. The name tangential
is motivated by the results in subsection 2.2, where we show that for Radon mea-
sures on RN , under volume doubling condition, the upper, resp. lower, tangential
dimension, is simply the supremum, resp. infimum, of the (upper, resp. lower)
local dimensions of the tangent measures.
2.1. Basic properties. Let (X, d) be a metric space, µ a locally finite Borel mea-
sure, namely µ is finite on bounded sets, and set B(x, r) := {y ∈ X : d(x, y) < r}.
Let us recall that the local dimensions of a measure at x are defined as
dµ(x) = lim inf
r→0
logµ(B(x, r))
log r
,
dµ(x) = lim sup
r→0
logµ(B(x, r))
log r
.
Remark 2.1. If µ is zero on a neighborhood of x, we set dµ(x) = dµ(x) = +∞.
Indeed, let us introduce the following partial order relation on measures: µ <x ν
if there exists a neighbourhood Ω of x such that for any positive Borel function ϕ
supported in Ω we have 〈µ, ϕ〉 ≤ 〈ν, ϕ〉.
By definition the maps µ 7→ dµ(x), µ 7→ dµ(x) are decreasing, namely reverse
the ordering. In particular, if x is not in the support of µ, namely µ is zero on a
neighbourhood of x, the local dimensions of µ should be set to +∞.
Now we introduce tangential dimensions for µ.
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Definition 2.2. The lower and upper tangential dimensions of µ are defined as
δµ(x) := lim inf
λ→0
lim inf
r→0
log
(
µ(B(x,r))
µ(B(x,λr))
)
log 1/λ
∈ [0,∞],
δµ(x) := lim sup
λ→0
lim sup
r→0
log
(
µ(B(x,r))
µ(B(x,λr))
)
log 1/λ
∈ [0,∞].
In the following we shall set f(t) = fx,µ(t) = − log(µ(B(x, e−t))), and g(t, h) =
f(t+ h)− f(t). With this notation, the definitions above become
dµ(x) = lim inft→+∞
f(t)
t
= lim
t→∞
lim inf
h→∞
g(t, h)
h
,(2.1)
dµ(x) = lim sup
t→+∞
f(t)
t
= lim
t→∞
lim sup
h→∞
g(t, h)
h
,(2.2)
δµ(x) = lim inf
h→∞
lim inf
t→∞
g(t, h)
h
,(2.3)
δµ(x) = lim sup
h→∞
lim sup
t→∞
g(t, h)
h
.(2.4)
Theorem 2.3. Let µ be a locally finite Borel measure on X. Then the following
holds.
(i)
δµ(x) ≤ dµ(x) ≤ dµ(x) ≤ δµ(x).
(ii) There exist the limits for h→∞ in equations (2.3), (2.4). Moreover,
δµ(x) = sup
h>0
lim inf
t→∞
g(t, h)
h
,
δµ(x) = inf
h>0
lim sup
t→∞
g(t, h)
h
.
(iii)
δµ(x) = lim inf
(h,t)→(∞,∞)
g(t, h)
h
,
δµ(x) = lim sup
(h,t)→(∞,∞)
g(t, h)
h
.
Proof. Properties (i) and (ii) follow from Proposition 1.1 in [5], now we prove (iii).
Setting p(t, h) := f(t+h)−f(t)h , we have to show that
lim sup
t,h→∞
p(t, h) = lim
h→∞
lim sup
t→∞
p(t, h).
Assume limh→∞ lim supt→∞ p(t, h) = L ∈ R. Let ε > 0, then there is hε > 0 such
that, for any h > hε, lim supt→∞ p(t, h) > L − ε/2, hence, for any t0 > 0 there is
t = t(h, t0) > t0, such that p(t, h) > L − ε. Hence, for any h0 > 0, t0 > 0 there
exist h > h0, t > t0 such that p(t, h) > L − ε, namely lim supt,h→∞ p(t, h) ≥ L.
Conversely, assume lim supt,h→∞ p(t, h) = L
′ ∈ R, and choose tn, hn such that
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limn→∞ p(tn, hn) = L
′. Then, for any h > 0, with kn denoting ⌈
hn
h ⌉, we have
p(tn, hn) ≤
knh
hn
p(tn, knh) =
knh
hn
1
kn
kn−1∑
j=0
p(tn + jh, h)
≤
knh
hn
max
j=0...kn−1
p(tn + jh, h) ≤
knh
hn
sup
t≥tn
p(t, h).
Hence, for n→∞, we get L′ ≤ lim supt→∞ p(t, h), which implies the equality. The
other cases are treated analogously. 
Theorem 2.4.
δµ(x) = inf
{tn}→∞
lim sup
h→∞
lim sup
n
g(tn, h)
h
= inf
{tn}→∞
lim inf
h→∞
lim inf
n
g(tn, h)
h
.
The two infima are indeed minima, indeed there exists a sequence {tn} → ∞ for
which
δµ(x) = lim
h→∞
lim sup
n
g(tn, h)
h
= lim
h→∞
lim inf
n
g(tn, h)
h
,
and such that any subsequence is still minimizing. Analogously,
δµ(x) = sup
{tn}→∞
lim sup
h→∞
lim sup
n
g(tn, h)
h
= sup
{tn}→∞
lim inf
h→∞
lim inf
n
g(tn, h)
h
.
The two suprema are indeed maxima, indeed there exists a sequence {tn} → ∞ for
which
δµ(x) = lim
h→∞
lim sup
n
g(tn, h)
h
= lim
h→∞
lim inf
n
g(tn, h)
h
.
and such that any subsequence is still maximizing.
Proof. We prove the second part of the Theorem, the proof of the first part being
analogous. Let us observe that the inequality
δµ(x) ≥ sup
{tn}→∞
lim sup
h→∞
lim sup
n
g(tn, h)
h
obviously holds for any tn →∞, therefore it is enough to find a sequence tn →∞
for which
(2.5) δµ(x) ≤ lim inf
h→∞
lim inf
n
g(tn, h)
h
.
In [7], Proposition 5.5, we proved that, whenever dg is bounded by a constant S,
where
dg(t, h, k) = g(t, h+ k)− g(t+ h, k)− g(t, h),
then, for any κ > 0, there exists a sequence {tn} → ∞ for which
(2.6) lim sup
h→+∞
lim sup
t→+∞
g(t, h)
h
≤ lim inf
h→+∞
lim inf
n∈N
g(tn, h)
h
+
2S
κ
.
TANGENTIAL DIMENSIONS II. MEASURES 5
Since in our case dg = 0, {tn} is the required sequence. Clearly inequality (2.5) is
preserved when passing to a subsequence. 
2.2. Tangential dimensions on RN . In this subsection µ is a Radon measure on
RN . Let us recall that the cone Tx(µ) of measures tangent to µ at x ∈ RN is the
set of non-zero limit points in the vague topology of sequences cnµ◦Dλnx , where λn
decreases to 0 and cn > 0, and D
λ
x is the dilation with center x ∈ R
N and factor
λ > 0. In this case vague topology is the weak topology determined by continuous
functions with compact support.
Let us consider the following properties: we say that µ satisfies the volume
doubling condition at x if
(2.7) lim sup
r→0
µ(B(x, 2r))
µ(B(x, r))
<∞,
and the weak volume doubling condition at x if there exists an infinitesimal sequence
rn such that, for any λ > 0
(2.8) lim sup
n→∞
µ(B(x, λrn))
µ(B(x, rn))
<∞.
Then the following proposition holds.
Proposition 2.5. Let µ be a Radon measure on RN .
(i) Tx(µ) 6= ∅ iff µ satisfies the weak volume doubling condition at x.
(ii) Assume volume doubling at x. Then any tangent measure of µ at x is of
the form
(2.9) ν{rn} = lim
n
µ ·Drnx
µ(B(x, rn))
,
for a suitable infinitesimal sequence {rn}. Moreover, for any rn ց 0 there
exists a subsequence rnk giving rise to a tangent measure ν
{rnk} as above.
(iii) Any tangent measure of µ at x is of the form ν{rn} · Dλx for a suitable
infinitesimal sequence rn and λ > 0.
(iv) Volume doubling at x is equivalent to δµ(x) <∞. In particular,
lim sup
r→0
µ(B(x, 2r))
µ(B(x, r))
= A⇒ δµ(x) ≤ log2A.
Proof. The first two properties are proved in [8], where it is also shown that any
tangent measure is of the form
lim
n
µ ·Drnx
µ(B(x, λrn))
,
from which (iii) follows.
Let us prove (iv). By definition, lim supr→0
µ(B(x,2r))
µ(B(x,r)) = A can be rewritten as
lim supt→∞ f(t + log 2) − f(t) = logA, from which δµ(x) ≤ log2A easily follows.
Conversely, if lim supt→∞ f(t+log 2)−f(t) =∞, then lim supt→∞ f(t+h)−f(t) =
∞ for any h ≥ log 2, hence δµ(x) =∞. 
Proposition 2.6. Let us consider a tangent measure of µ at x of the form ν =
ν{rn} ·Dλx as in Proposition 2.5. Then, with f(t) = − logµ(B(x, e
−t)), and tn :=
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− log rn, we have
dν(x) = lim inf
h→∞
lim
n
f(tn + h)− f(tn)
h
,
dν(x) = lim sup
h→∞
lim
n
f(tn + h)− f(tn)
h
.
Proof. First let us notice that
dν{rn}·Dλx (x) = dν{rn}(x).
Then, let us recall that tangent measures are defined in terms of vague convergence,
namely weak convergence on continuous functions with compact support. Then,
let ϕ be a continuous function verifying χB(x,1) ≤ ϕ ≤ χB(x,2). Setting h = − logλ,
we get
ν{rn}(B(x, λ/2)) = ν{rn} ·Dλ/2x (B(x, 1))
≤ 〈ν{rn} ·Dλ/2x , ϕ〉
= lim
n
〈µ ·D
λrn/2
x , ϕ〉
µ(B(x, rn))
≤ lim
n
µ(B(x, λrn))
µ(B(x, rn))
= lim
n
exp [− (f(tn + h)− f(tn))]
≤ 〈ν{rn} ·Dλx , ϕ〉 ≤ ν
{rn}(B(x, 2λ)).
Then,
(2.10)
log ν{rn}(B(x, λ/2))
logλ
≤ lim
n
f(tn + h)− f(t)
h
≤
log ν{rn}(B(x, 2λ))
logλ
,
from which the thesis immediately follows. 
Theorem 2.7. Let µ be a Radon measure on RN , satisfying the volume doubling
condition at x. Then
δµ(x) = inf
ν∈Tx(µ)
dν(x),
δµ(x) = sup
ν∈Tx(µ)
dν(x).
Let us remark that volume doubling implies weak volume doubling, namely the
set of tangent measures at x is non-empty.
Proof. Let us give the proof for δµ(x), the other case being proved analogously. Let
T (µ, x) be the set of sequences tn → ∞ such that rn = e−tn generates a tangent
measure as in Lemma 2.5 (ii). Then, from Proposition 2.6, we get
(2.11) inf
ν∈Tx(µ)
dν(x) = inf
{tn}∈T (µ,x)
lim inf
h→∞
lim inf
n
f(tn + h)− f(tn)
h
.
So the equality is proved if we show that T (µ, x) contains one of the minimizing
sequences of theorem 2.4. This holds true, since any minimizing sequence of theorem
2.4 has a subsequence giving rise to a tangent measure by Proposition 2.5 (ii), and
such subsequence inherits the minimizing property. 
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2.3. Further properties. Tangential dimensions are invariant under bi-Lipschitz
maps.
Proposition 2.8. Let X, Y be metric spaces, f : X → Y be a bi-Lipschitz map
i.e. there is L > 0 such that L−1dX(x, x
′) ≤ dY (f(x), f(x′)) ≤ LdX(x, x′), for
x, x′ ∈ X. Let µ be a finite Borel measure on X and set ν := µ ◦ f−1, which is a
finite Borel measure on Y . Then δµ(x) = δν(f(x)) and δµ(x) = δν(f(x)), for all
x ∈ X.
Proof. Observe that, for any x ∈ X , y ∈ Y , r > 0, we have
B(f(x), r/L) ⊂ f(B(x, r)) ⊂ B(f(x), rL)
B(f−1(y), r/L) ⊂ f−1(B(y, r)) ⊂ B(f−1(y), rL)
which implies
µ(B(x,R/L)) ≤ ν(B(f(x), R)) = µ(f−1(B(f(x), R))) ≤ µ(B(x,RL)).
Therefore, taking lim supR→0, then limλ→0, and doing some algebra, we get
lim
λ→0
lim sup
R→0
log µ(B(x,R))µ(B(x,λR))
logL2/λ
≤ lim
λ→0
lim sup
R→0
log ν(B(x,R))ν(B(x,λR))
log 1/λ
≤ lim
λ→0
lim sup
R→0
log µ(B(x,R))µ(B(x,λR))
log 1/(L2λ)
which means δµ(x) = δν(f(x)). The other equality is proved in the same manner.

The following propositions show some properties of tangential dimensions, i.e.
their behaviour under the operations of sum or tensor product of measures.
Proposition 2.9. Let µ1, µ2 be finite Borel measures on X. Then
δµ1+µ2(x) ≥ min{δµ1(x), δµ2(x)}
δµ1+µ2(x) ≤ max{δµ1(x), δµ2(x)}.
Proof. As
1
2
min
{
a
c
,
b
d
}
≤
a+ b
c+ d
≤ 2 max
{
a
c
,
b
d
}
we get
−
log 2
log 1/λ
+ min


log µ1(B(x,r))µ1(B(x,λr))
log 1/λ
,
log µ2(B(x,r))µ2(B(x,λr))
log 1/λ


≤
log µ1(B(x,r))+µ2(B(x,r))µ1(B(x,λr))+µ2(B(x,λr))
log 1/λ
≤
log 2
log 1/λ
+ max


log µ1(B(x,r))µ1(B(x,λr))
log 1/λ
,
log µ2(B(x,r))µ2(B(x,λr))
log 1/λ

 .
Therefore, taking lim supr→0, then using the equality lim supr→0max{f(r), g(r)} =
max{lim supr→0 f(r), lim supr→0 g(r)}, and finally taking limλ→0, we obtain
δµ1+µ2(x) ≤ max{δµ1(x), δµ2(x)}.
Besides, taking lim infr→0, then using the equality lim infr→0min{f(r), g(r)} =
min{lim infr→0 f(r), lim infr→0 g(r)}, and finally taking limλ→0, we obtain
δµ1+µ2(x) ≥ min{δµ1(x), δµ2(x)}.
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
Proposition 2.10. Let X, Y be metric spaces, µ, ν finite Borel measures on X
and Y respectively. Then
δµ⊗ν((x, y)) ≥ δµ(x) + δν(y)
δµ⊗ν((x, y)) ≤ δµ(x) + δν(y).
Proof. Endow X × Y with the metric
(2.12) d((x1, y1), (x2, y2)) := max{dX(x1, x2), dY (y1, y2)}
which is by-Lipschitz equivalent to the product metric. Then
(2.13) BX×Y ((x, y), R) = BX(x,R)×BY (y,R),
which implies
µ⊗ ν(BX×Y ((x, y), R)) = µ(BX(x,R))ν(BY (y,R)),
and
log µ⊗ν(BX×Y ((x,y),r))µ⊗ν(BX×Y ((x,y),λr))
log 1/λ
=
log µ(BX (x,r))µ(BX (x,λr))
log 1/λ
+
log ν(BY (y,r))ν(BY (y,λr))
log 1/λ
,
from which the thesis follows. 
The following theorem examines the dependence of tangential dimensions on the
point x ∈ X .
Theorem 2.11. The function
δµ : x ∈ X → lim
λ→0
lim inf
r→0
log
(
µ(B(x,r))
µ(B(x,λr))
)
log 1/λ
∈ [0,∞)
is Borel-measurable. The same is true of δµ with lim inf replaced by lim sup.
Proof. Set, for r > 0, λ ∈ (0, 1), fr,λ(x) :=
µ(B(x,r))
µ(B(x,λr)) , which is Borel-measurable
by [2], proof of 1.5.9. Then we must prove that
f(x) := lim
λ→0
1
log 1/λ
log
(
lim inf
r→0
fr,λ(x)
)
,
is Borel-measurable. First
fλ(x) := lim inf
r→0
fr,λ(x) = lim
r→0
inf
0<r′<r
fr′,λ(x)
is Borel-measurable, because, from {rn} ⊂ Q, rn ր r, it follows frn,λ(x)→ fr,λ(x),
and
lim
r→0
inf
0<r′<r
fr′,λ(x) = lim
r→0
inf
0<r′<r,r′∈Q
fr′,λ(x) = lim
n→∞
inf
0<r′< 1
n
fr′,λ(x).
Then
f(x) = lim
λ→0
log fλ(x)
log 1/λ
= lim
n→∞
log f 1
n
(x)
logn
is Borel-measurable. 
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2.4. Relations between tangential dimensions of metric spaces and mea-
sures.
Definition 2.12. Let (X, d) be a metric space, E ⊂ X , x ∈ E. Let us denote by
n(r, E) ≡ nr(E) the minimum number of open balls of radius r necessary to cover
E, and by ν(r, E) ≡ νr(E) the maximum number of disjoint open balls of E of
radius r contained in E. We call upper, resp. lower tangential dimension of E at x
the (possibly infinite) numbers
δE(x) := lim inf
λ→0
lim inf
r→0
logn(λr,E ∩B(x, r))
log 1/λ
,
δE(x) := lim sup
λ→0
lim sup
r→0
logn(λr,E ∩B(x, r))
log 1/λ
.
Observe that we obtain the same numbers if we use ν in place of n.
Theorem 2.13 ([7]). Let us assume the following conditions
(i) lim sup
r→0
nλr(BX(x, r)) <∞ ∀λ > 0,
(ii) there exist constants c ≥ 1, a ∈ (0, 1] such that, for any r ≤ a, λ, µ ≤ 1,
y, z ∈ BX(x, r), n(λµr,BX(y, λr)) ≤ cn(λµr,BX(z, λr)).
Then
δX(x) = inf
T∈TxX
d(T ) = inf
T∈TxX
d(T ),(2.14)
δX(x) = sup
T∈TxX
d(T ) = sup
T∈TxX
d(T ).(2.15)
Lemma 2.14. Let µ be a finite Borel measure on the metric space X, x ∈ X. The
following inequalities hold:
µ(B(x, r)) ≤ n(λr,B(x, r)) sup
y∈B(x,r)
µ(B(y, λr)).(2.16)
µ(B(x, r)) ≥ ν(λr,B(x, r)) inf
y∈B(x,r)
µ(B(y, λr)).(2.17)
Proof. The first inequality follows from
B(x, r) ⊂
n(λr,B(x,r))⋃
i=1
B(yi, λr),
the second follows from
B(x, r) ⊃
ν(λr,B(x,r))⋃
i=1
B(yi, λr).

Proposition 2.15. Let µ be a finite Borel measure on X and define
mx(r, R) := inf{µ(B(y, r) : B(y, r) ⊂ B(x,R)}
Mx(r, R) := sup{µ(B(y, r) : B(y, r) ⊂ B(x,R)}.
If
lim sup
λ→0
lim sup
r→0
log Mx(λr,r)mx(λr,r)
log 1/λ
= 0
then δX(x) = δµ(x) and δX(x) = δµ(x).
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Proof. From the definition of Mx we get
µ(B(x,R)) ≤
nr(B(x,R))∑
i=1
µ(B(yi, r)) ≤ nr(B(x,R))Mx(r, R + r).
From the definition of mx we get
µ(B(x,R)) ≥
νr(B(x,R))∑
i=1
µ(B(yi, r)) ≥ νr(B(x,R))mx(r, R).
Therefore
νλR(B(x,R))
mx(λR,R)
Mx(λR,R)
≤
µ(B(x,R))
µ(B(x, λR))
≤ nλR(B(x,R))
Mx(λR, (λ+ 1)R)
mx(λR, (λ+ 1)R)
and
log νλR(B(x,R))
log 1/λ
−
log Mx(λR,R)mx(λR,R)
log 1/λ
≤
log µ(B(x,R))µ(B(x,λR))
log 1/λ
≤
lognλR(B(x,R))
log 1/λ
+
log Mx(λR,(λ+1)R)mx(λR,(λ+1)R)
log 1/λ
.
Taking lim supR→0 and then lim supλ→0 and doing some algebra we get
lim sup
λ→0
lim sup
R→0
log νλR(B(x,R))
log 1/λ
− lim inf
λ→0
lim inf
R→0
log Mx(λR,R)mx(λR,R)
log 1/λ
≤ lim
λ→0
lim sup
R→0
log µ(B(x,R))µ(B(x,λR))
log 1/λ
≤ lim sup
λ→0
lim sup
R→0
lognλR(B(x,R))
log 1/λ
+ lim sup
λ→0
lim sup
R→0
log Mx(λR,R)mx(λR,R)
log 1/λ
and the thesis δX(x) = δµ(x) follows. The proof of the other equality is analogous.

Condition 2.16. Let µ be a finite Borel measure on X . For any x ∈ X there are
constants R, C > 0, depending on x, such that, for any y ∈ B(x,R), r ∈ (0, R), it
holds
C−1µ(B(x, r)) ≤ µ(B(y, r)) ≤ Cµ(B(x, r)).
Corollary 2.17. Let µ be a finite Borel measure on X satisfying Condition 2.16.
Then δX(x) = δµ(x) and δX(x) = δµ(x), and these functions are locally constant.
Proof. As mx(λr, r) = inf{µ(B(y, λr) : B(y, λr) ⊂ B(x, r)} ≥ C−1µ(B(x, λr)),
and Mx(λr, r) ≤ Cµ(B(x, λr)), for any λ ∈ (0, 1), r ∈ (0, R), we get
lim sup
λ→0
lim sup
r→0
log Mx(λr,r)mx(λr,r)
log 1/λ
≤ lim sup
λ→0
C2
log 1/λ
= 0,
and the thesis follows from the previous Proposition. Moreover, ∀y ∈ B(x,R),
δµ(y) = δµ(x), and δµ(y) = δµ(x). 
We now show that Condition 2.16 also implies property (ii) of Theorem 2.13 and
volume doubling, hence tangential dimensions are indeed suprema, resp. infima, of
dimensions of tangent objects. We first need some Lemmas.
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Lemma 2.18. The following inequality holds, for 0 ≤ λ, µ ≤ 1:
n(λµr,BX(x, r)) ≤ n(λr,BX(x, r)) sup
y∈BX (x,r)
n(λµr,BX(y, λr)).
Proof. Let us note that we may realize a covering of BX(x, r) with balls of radius
λµr as follows: first choose an optimal covering of BX(x, r) with balls of radius
λr, and then cover any covering ball optimally with balls of radius λµr. The thesis
follows. 
Lemma 2.19. Let X be a subset of RN . Then, for any λ ≤ 1, there exists a
constant Kλ such that
n(λr,BX(x, r)) ≤ Kλ, ∀r > 0, x ∈ X.
Proof. Since (cf. e.g. [3]) the inequality
(2.18) n(r, BX(x,R)) ≥ ν(r, BX(x,R)) ≥ n(2r, BX(x,R))
holds, we get
n(λr,BX(x, r)) ≤ ν
(
λ
2
r, BX(x, r)
)
≤ ν
(
λ
2
r, BRN (x, r)
)
= ν
(
λ
2
, BRN (1)
)
,
where we used the dilation invariance of RN in the last equation, and omitted the
irrelevant reference to the point x in the last term. 
Lemma 2.20. Let X be a closed subset of RN , x ∈ X. Then property (ii) of
Theorem 2.13 is equivalent to the following:
For any ϑ > 0, or equivalently for some ϑ > 0, there exist constants cϑ ≥ 1,
aϑ ∈ (0, 1] such that, for any r ≤ aϑ, λ, µ ≤ 1, y, z ∈ BX(x, r),
(2.19) n(λµr,BX(y, λr)) ≤ cϑn(λµrϑ,BX(z, λr)).
Proof. First we show that property (ii) of Theorem 2.13 implies (2.19) for ϑ > 1,
hence for all ϑ > 0. Indeed, for aϑ =
a
ϑ , we get
n(λµr,BX(y, λr))
n(λµrϑ,BX(z, λr))
≤ c2
n(λµr,BX(x, λr))
n(λµrϑ,BX (x, λr))
≤ c3n(λµr,BX(x, λµrϑ)) ≤ c
3K1/ϑ,
where we used Lemmas 2.18, 2.19. We get (2.19) with cϑ = c
3K1/ϑ.
Now we prove (2.19), for some ϑ < 1, implies property (ii) of Theorem 2.13. We
set a = ϑaϑ. Then, reasoning as in the previous case, we get
n(λµr,BX(y, λr))
n(λµr,BX(z, λr))
≤ c3ϑn(λµrϑ
2, BX(x, λµr/ϑ))
≤ c3ϑKϑ3 .
Finally we observe that (2.19), for some ϑ > 0, implies (2.19), for some ϑ < 1,
hence, because of what has already been proved, it implies (2.19), for all ϑ > 0.
The thesis follows. 
Proposition 2.21. Let µ be a finite Borel measure on X satisfying Condition 2.16.
Then property (ii) of Theorem 2.13 and Volume Doubling hold.
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Proof. Let us show volume doubling. Indeed, if r ≤ R/2,
µ(B(x, 2r)) ≤ n(r, B(x, 2r)) sup
y∈B(x,2r)
µ(B(y, r)) ≤ Cn(r, B(x, 2r))µ(B(x, r)),
hence, by Lemma 2.19,
µ(B(x, 2r))
µ(B(x, r))
≤ Cn(r, B(x, 2r)) ≤ CK1/2.
Now we prove property (ii) of Theorem 2.13 in the equivalent form (2.19), for ϑ =
1/2, with c1/2 = C
4 and a1/2 = R/2. Indeed, let λ, µ ≤ 1, r ≤ R/2, y, z ∈ B(x, r).
By (2.16), we get
n(λµr/2, B(z, λr)) ≥
µ(B(z, λr))
sup
w∈B(z,λr)
µ(B(w, λµr/2))
≥
µ(B(z, λr))
sup
w∈B(z,2r)
µ(B(w, λµr/2))
≥
1
C2
µ(B(x, λr))
µ(B(x, λµr/2))
.
Analogously, by (2.17), we get
ν(λµr/2, B(y, λr)) ≤
µ(B(y, λr))
inf
w∈B(y,λr)
µ(B(w, λµr/2))
≤
µ(B(y, λr))
inf
w∈B(y,2r)
µ(B(w, λµr/2))
≤ C2
µ(B(x, λr))
µ(B(x, λµr/2))
.
Finally, making use of (2.18), we get
n(λµr,B(y, λr))
n(λµr/2, B(z, λr))
≤ C4.

Corollary 2.22. If Condition 2.16 holds for a measure µ on F , then tangential di-
mensions for µ are extrema of local dimensions of tangent measures, and tangential
dimensions for F are extrema of local dimensions of tangent sets.
3. Computation of tangential dimensions
3.1. Self-similar fractals. We compute here the tangential dimensions for self-
similar fractals with open set condition, showing that Condition 2.16 is satisfied,
and that upper and lower tangential dimensions for the Hausdorff measure are
equal, hence coincide with the Hausdorff dimension. This means that self-similar
fractals are too regular to give rise to a dimension interval, and a different class has
to be considered, see the next subsection.
Let us recall that a self-similar fractal F is the fixed point of a map
W : K ∈ Comp(RN )→ ∪pj=1wj(K) ∈ Comp(R
N ),
where wj are similarities with similarity parameter λj , and that it satisfies the open
set condition if there exists an open set V s.t. wjV ⊂ V . It is well known that the
Hausdorff dimension d of F satisfies
∑p
j=1 λ
d
j = 1, that the corresponding Hausdorff
measure Hd is nontrivial on F and the normalized restriction of Hd to F is the
unique self-similar probability measure on F . In particular Hd(wj(F )) = λ
d
j .
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If Σn is the set of multi-indices σ = (σ1, . . . , σn) of length n, we denote by wσ
the product wσ1 · · · · · wσn , and by λσ the product λσ1 · · · · · λσn . Also we use the
notations Fσ = wσF , Vσ = wσV . We note that Hd(Fσ) = Hd(Vσ) = λ
d
σ.
Lemma 3.1. Let F be a self-similar fractal with open set condition. There exists
a constant C > 0 s.t., for any x ∈ F , r > 0,
C−1rd ≤ Hd(BF (x, r)) ≤ Cr
d.
Proof. It is not restrictive to assume that the diameter of V is 1, hence Vσ has
diameter λσ. If σ is a multi-index of length n, in the following we shall denote by
σ the multi-index (σ1, . . . , σn−1). Let us consider the set Σ(r) of multi-indices σ
s.t. λσ < r ≤ λσ. Clearly the Fσ ’s, σ ∈ Σ(r) give a covering of F , and the Vσ,
σ ∈ Σ(r), are pairwise disjoint. Then, if x ∈ Fσ , σ ∈ Σ(r), BF (x, r) ⊃ Fσ, whence
Hd(BF (x, r)) ≥ λ
d
σ ≥ r
dλd,
where λ = min(λ1, . . . λp). Conversely, set Σ(r, x) = {σ ∈ Σ(r) : Fσ∩BF (x, r) 6= ∅}.
Then
Hd(BF (x, r)) ≤
∑
σ∈Σ(r,x)
λdσ ≤ #Σ(r, x) r
d.
Observe now that ∪σ∈Σ(r,x)Vσ ⊂ B(x, 2r), therefore
ωN (2r)
N := vol(B(x, 2r)) ≥
∑
σ∈Σ(r,x)
vol(V )λNσ ≥ vol(V )#Σ(r, x) r
NλN ,
therefore
#Σ(r, x) ≤
ωN2
N
vol(V )λN
.
The thesis follows. 
Corollary 3.2. Let F be a self-similar fractal satisfying open set condition, d its
Hausdorff dimension. Then, for any x ∈ F ,
d = δF (x) = δF (x) = δHd(x) = δHd(x).
Proof. Since Condition 2.16 is satisfied for Hd, it is enough to compute the tan-
gential dimensions relative to the Hausdorff measure. Indeed Lemma 3.1 may be
rephrased as d t − logC ≤ f(t) ≤ d t + logC, where f(t) = − logHd(B(x, e−t)),
from which it follows
lim
h→∞
lim
t→∞
f(t+ h)− f(t)
h
= d.

3.2. Translation fractals. Now we compute the tangential dimensions for trans-
lation fractals defined in [4] (cf. also [5, 6]).
Let {wnj}, n ∈ N, j = 1, . . . , pn, be contracting similarities of RN , with con-
traction parameter λn ∈ (0, 1) only depending on n, and assume they verify the
regular open set condition, namely there exists a nonempty bounded open set
V in RN for which wnj(V ) ⊂ V , the Lebesgue measure of V is equal to the
Lebesgue measure of its closure C and V is equal to the interior of C. Setting
Wn : K ∈ Comp(RN )→ ∪
pn
j=1wnj(K) ∈ Comp(R
N ), we get a sequence of compact
sets {W1◦W2◦· · ·◦Wn(V )} contained in V , we call the Hausdorff limit F a transla-
tion fractal. Since the sequence is indeed decreasing, F can be equivalently defined
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as the intersection. To avoid triviality we assume pj ≥ 2, which implies 2λNj ≤ 1,
i.e. λj ≤ 2−1/N .
As an example of fractals in our class consider the following construction. It is
obtained by applying a sequence of either a Carpet step or a Vicsek step.
The Carpet step (q = 1) is obtained by dividing the sides of a square in 3 equal
parts, so as to obtain 9 equal squares, and then the central square is removed.
The Vicsek step (q = 2) is obtained by dividing the sides of a square in 3 equal
parts, so as to obtain 9 equal squares, and then 4 squares are removed, so that to
remain with a chessboard.
In particular, we may set qj = 1, if (k− 1)(2k− 1) < j ≤ (2k− 1)k and qj = 2, if
k(2k−1) < j ≤ k(2k+1), k = 1, 2, . . . , getting a translation fractal with dimensions
given by (cf. Theorem 3.4 below)
δ =
log 5
log 3
< d = d =
log 40
log 9
< δ =
log 8
log 3
The first four steps (q = 1, 2, 2, 1) of the procedure above are shown in Figure 1.
Figure 1. Carpet-Vicsek
More examples are contained in [7].
We set Λn =
∏n
i=1 λi, Pn =
∏n
i=1 pi, Σn := {σ : {1, . . . , n} → N : σ(k) ∈
{1, . . . , pk}, k = 1, . . . , n}, Σ := ∪n∈NΣn, and write wσ := w1σ(1) ◦ w2σ(2) ◦ · · · ◦
wnσ(n), for any σ ∈ Σn, and Vσ := wσV , Cσ := wσC.
On F there is a canonical limit measure µ, that can be defined as the weak∗-limit
of the sequence
(3.1) µn(A) =
∑
|σ|=n
P−1n µ0(w
−1
σ (A)),
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the limit being independent of the starting probability Borel measure µ0. In [6],
Theorem 1.7, we proved that, when V is regular, µ can be characterized via the
following property: for any subset I of Σn
(3.2) µ(VI) ≤
#I
Pn
≤ µ(CI),
where we set CI = ∪σ∈ICσ, VI equal to the interior of CI relative to C.
Theorem 3.3. Let F be a translation fractal with regular open set condition, with
the notation above, and assume p := supn pn <∞. Then Condition 2.16 holds for
the limit measure µ, therefore tangential dimensions for F and for µ coincide, and
they are extremal dimensions for the corresponding tangent objects.
Proof. Denote by BF (x, r) := F ∩ B(x, r), x ∈ F , r > 0. We may assume with-
out restriction that the diameter of V is equal to one. Then set a := vol(V )vol(B(0,2)) ,
where vol denotes the Lebesgue measure. Then the number of disjoint copies of V
intersecting a ball of radius 1 is not greater than the number of disjoint copies of
V contained in a ball of radius 2 which is in turn lower equal than a−1.
As a consequence, for any x ∈ F , if I(x, n) := {σ ∈ Σn : Vσ ∩ BF (x,Λn) 6= ∅},
then
(3.3) #I(x, n) ≤ a−1.
Clearly, by the regularity of V , BF (x,Λn) ⊆ VI(x,n), hence
(3.4) µ(BF (x,Λn)) ≤ µ(VI(x,n)) ≤
1
aPn
.
On the other hand, if x ∈ F , there is σ(x) ∈ Σn such that x ∈ Vσ(x), therefore, for
any r > Λn, BF (x, r) ⊇ Cσ(x), hence
(3.5) µ(BF (x, r)) ≥ µ(Cσ(x)) ≥
1
Pn
.
Then, for any r > 0, if n = nr ∈ N is such that Λn < r ≤ Λn−1, we get, for
x, y ∈ F ,
a
p
≤
a
pn
=
1/Pn
1/(aPn−1)
≤
µ(BF (x, r))
µ(BF (y,Λn−1))
≤
µ(BF (x, r))
µ(BF (y, r))
≤
µ(BF (x,Λn−1))
µ(BF (y, r))
≤
1/(aPn−1)
1/Pn
=
pn
a
≤
p
a
.
This proves Condition 2.16, therefore the other statements follow from Corollaries
2.17, 2.22. 
Theorem 3.4. Let F be a translation fractal with regular open set condition, with
the notation above, and assume p := supn pn <∞. Then
(i)
δµ(x) = lim inf
n,k→∞
logPn+k − logPn
log 1/Λn+k − log 1/Λn
,
δµ(x) = lim sup
n,k→∞
logPn+k − logPn
log 1/Λn+k − log 1/Λn
.
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(ii)
dµ(x) = dH(F ) = lim infn→∞
logPn
log 1/Λn
,
dµ(x) = lim sup
n→∞
logPn
log 1/Λn
.
Moreover the Hausdorff measure corresponding to d := dH(F ) is non trivial if and
only if lim inf(logPn − d log 1/Λn) is finite.
Proof. (i) Let us denote by Cl(p, λ) the set of limit points, for n, k → +∞,
of logPn+k−logPnlog 1/Λn+k−log 1/Λn , and by Cl(f) the set of limit points, for t, h → +∞, of
f(t+h)−f(t)
h , where we set f(t) := − logµ(B(x, e
−t)). Recalling Theorem 2.3, (iii),
the formulas are proved if we show that Cl(p, λ) ⊆ Cl(f), and that for any c ∈ Cl(f)
there exist c′, c′′ ∈ Cl(p, λ) such that c′ ≤ c ≤ c′′. Concerning the inclusion, from
(3.4) and (3.5) we have
− log 1/a+ f(log 1/Λn+k)− f(log 1/Λn) ≤ logPn+k − logPn
≤ log 1/a+ f(log 1/Λn+k)− f(log 1/Λn).
As a consequence, if nj , kj are subsequences giving rise to a limit point in Cl(p, λ),
and we set t′j = log 1/Λnj+kj , tj = log 1/Λnj , we obtain that
f(t′j)−f(tj)
t′
j
−tj
converges
to the same limit, where we used that hj := log 1/Λnj+kj − log 1/Λnj → ∞, since
is minorized by log 2N kj .
Now let c ∈ Cl(f). Then we find two sequences, tk and t′k, such that tk → ∞ and
(t′k − tk) → ∞, and c = limk
f(t′k)−f(tk)
t′
k
−tk
. If log 1/Λnk is the best approximation
from below of tk and log 1/Λn′
k
is the best approximation from below of t′k, we get
f(t′k)− f(tk) ≤ f(log 1/Λn′k+1)− f(log 1/Λnk)
≤ logPn′
k
+1 − logPnk − log a
≤ logPn′
k
− logPnk+1 + 2 log p− log a,
which shows in particular that Pn′
k
/Pnk+1 → ∞, hence, for the bound on pj , also
n′k − (nk + 1)→∞. We also get
t′k − tk ≥ log 1/Λn′k − log 1/Λnk+1
therefore
lim
k
f(t′k)− f(tk)
t′k − tk
≤ lim sup
k
logPn′
k
− logPnk+1
t′k − tk
≤ lim sup
k
logPn′
k
− logPnk+1
log 1/Λn′
k
− log 1/Λnk+1
.
Possibly passing to a subsequence we obtain c ≤ c′′ ∈ Cl(p, λ). The point c′ is
obtained analogously.
(ii) Let {tk} be an increasing sequence of positive real numbers s.t. dµ(x) =
limk→∞
f(tk)
tk
, and let {nk} be an increasing sequence of natural numbers s.t.
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log 1Λnk
≤ tk < log
1
Λnk+1
. Then
f(tk)
tk
≥
f( 1Λnk
)
log 1Λnk+1
≥
logPnk + log a
log 1Λnk+1
≥
logPnk+1 − log p+ log a
log 1Λnk+1
so that dµ(x) ≥ lim infn→∞
log Pn
log 1
Λn
. Conversely, let {nk} be an increasing sequence
of natural numbers s.t. limk→∞
log Pnk
log 1
Λnk
= lim infn→∞
log Pn
log 1
Λn
and set tk := log
1
Λnk
.
Then
dµ(x) = lim inft→∞
f(t)
t
≤ lim inf
k→∞
f(tk)
tk
= lim inf
k→∞
f( 1Λnk
)
log 1Λnk
≤ lim inf
k→∞
logPnk
log 1Λnk
= lim inf
n→∞
logPn
log 1Λn
.
The equation for dµ(x) is proved similarly.
The equality dµ(x) = dH(F ) and the last statement follow from Theorem 1.8 in
[6]. 
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